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Abstract
In this paper we study some properties of the topological vector spaces which are sequentially
maximal. Ó 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
The fact that sequential convergence is enough to study convergence and continuity in
metrizable spaces and that some theorems are true only in their context, for instance in
integration theory, justifies the attention paid to it by a number of authors. Among the early
contributions carried out in this area we find [3,4,6]. In this line of research, and in the realm
of locally convex spaces (l.c.s.), Webb [10] studied the finest locally convex Hausdorff
topology τ+ defined on a given l.c.s. E(τ) with the same convergent sequences as τ , also
examining some closedness concepts which were subsequently studied by Ka¸kol in [5].
In this paper we will focus on sequential convergence without local convexity conditions,
thus providing a new point of view.
Throughout this paper the word ‘space’ will stand for ‘topological vector space over the
field of real or complex numbers’. All spaces will be assumed to be Hausdorff. Let us recall
that a space E is L-bornological [2] if each locally bounded linear mapping, i.e., that maps
bounded subsets into bounded subsets, of E into any space is continuous. Following [2],
a sequence (Un) of absorbing balanced subsets, called knots, of a vector space is said to be
a string if Un+1 +Un+1 ⊆Un, n ∈N. When each knot of a string is a neighborhood of the
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origin, the string is said to be topological; the string is said to be bornivorous if each knot
is so.
2. Sequentially maximal spaces
Definition 2.1. Given a space E(τ), we denote by c0(τ ) the set formed by its null
sequences and by τ s the finest linear topology τ0 on E with c0(τ )= c0(τ0). We will say
that the space E(τ), or just that the topology τ , is sequentially maximal if τ s = τ .
Remark 2.1. An internal construction of τ s in terms of τ may be obtained in similar
terms as Webb [10] did in the locally convex case with τ+. For it recall that a sequential
neighborhood of 0 in a space E(τ) is any subset of E eventually containing any element
of c0(τ ), and let F be the set of all strings whose knots are sequential neighborhoods of 0.
Then F is a directed set of strings [2, p. 7], and generates τ s .
Given any space E(τ), τ s is always sequentially maximal and if τ s  τ0, then c0(τ0) 
c0(τ s) = c0(τ ). Thus any topology strictly finer than a sequentially maximal topology τ
will miss some τ -null sequence within the set of its null sequences. A kind of converse to
the above is provided by the following result.
Proposition 2.1. Let τ and τ0 be two linear topologies on E. If c0(τ )⊆ c0(τ0) and τ is
sequentially maximal, then τ0 ⊆ τ .
Proof. If E(τ0) is sequentially maximal, the result is pretty obvious. Otherwise the result
follows from the above since E(τ s0 ) is sequentially maximal and c0(τ )⊆ c0(τ0)= c0(τ s0 ),
hence τ0 ⊆ τ s0 ⊆ τ . 2
The following theorem provides new characterizations of sequentially maximal topolo-
gies.
Theorem 2.1. Given a space E(τ), the following assertions are equivalent:
(i) E(τ) is sequentially maximal.
(ii) If f is a sequentially continuous linear mapping from E(τ) into any space F(τ ′),
then f is continuous.
(iii) If f is a sequentially continuous linear mapping from E(τ) into any (F )-space,
i.e., metrizable and complete, then f is continuous.
Proof. (i)⇒ (ii) Let F be a directed set of strings of F generating τ ′ and let τ0 be the
topology on E generated by f−1(F). Then
f :E(τ0)→ F(τ ′)
is continuous, so in order to prove (ii) it is enough to see that τ0 is coarser than τ . Let
τ (c0(τ0)) be the finest linear topology on E for which c0(τ0) is the family of all its null
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sequences. Clearly τ0 ⊆ τ (c0(τ0)) and (ii) will follow if we see that τ (c0(τ0)) ⊆ τ s = τ .
For this we will use Proposition 2.1: Let (xn) ∈ c0(τ ), then (f (xn)) ∈ c0(τ ′). Hence if
(Un) ∈ F , for each knot Um there must be some n(m) ∈ N such that f (xn) ∈ Um for all
n> n(m), that is xn ∈ f−1(Um) for each n> n(m), and (xn) ∈ c0(τ0).
(ii)⇒ (iii) is obvious.
(iii)⇒ (i) As any space, E(τ s) is topologically isomorphic to some subspace, which we
identify with E(τ s), of a product of certain (F )-spaces Ej , j ∈ J . Let us denote by fj
the (continuous) projection of E(τ s) into Ej , j ∈ J and let i be the the identity map from
E(τ) into E(τ s). Then fj ◦ i :E(τ)→Ej is a sequentially continuous linear mapping for
each j ∈ J . (iii) implies fj ◦ i is continuous, so is i and, therefore, τ = τ s . 2
Given a space E(τ), a subset H of the algebraic dual E∗ is said to be τ -limited [10] if
each τ -null sequence (xn) in E is uniformly null on H , that is if
lim
n→∞ supf∈H
f (xn)= 0.
τ -limited subsets were used by Webb with the aim to get an external construction of τ+
in the context of locally convex spaces [10]. Clearly every equicontinuous subset of E∗
is τ -limited. Conversely, this property plus local boundedness will imply equicontinuity
under sequential maximality.
Theorem 2.2. Let E(τ) be a sequentially maximal space. If H = {fi , i ∈ I } is a family of
linear mappings from E(τ) into F(τ ′), then the following assertions are equivalent:
(i) H is equicontinuous.
(ii) H is pointwise bounded and τ -limited.
Proof. (i)⇒ (ii) is immediate since equicontinuity implies pointwise boundedness.
(ii)⇒ (i) Let F be a directed set of strings of F generating τ ′. Since H is pointwise
bounded, {(⋂i∈I f−1i (Vn)), (Vn) ∈F} is a directed set of strings in E generating a linear
topology τ0 on E. One easily checks that each fi :E(τ0)→ F(τ ′) is continuous, so in
order to prove (ii) it is enough to see that τ0 is coarser than τ and since τ is sequentially
maximal, by Proposition 2.1, we only need show that c0(τ )⊆ c0(τ0). Let (xn) ∈ c0(τ ) and
(Vn) ∈ F . Then the fact that H is τ -limited implies that for each knot Vm there is some
n(m) ∈ N such that fi(xn) ∈ Vm for all n > n(m), i ∈ I , that is xn ∈⋂i∈I f−1i (Vm) for
each n> n(m), and (xn) ∈ c0(τ0). 2
3. Permanence properties of sequentially maximal topologies
Theorem 3.1. Let E(τ) be the inductive limit space of the spaces {Eα(τα), α ∈ I } with
respect to the family of linear mappings {fα, α ∈ I }. If each Eα(τα) is sequentially
maximal, then E(τ) is sequentially maximal.
Proof. Let (Un) be a τ s -topological string of E. Then, for each α ∈ I , every knot
of (f−1α (Un)) is a τα-sequential neighborhood of 0 in Eα for if (xn) ∈ c0(τα), then
4 J.R. Ferrer et al. / Topology and its Applications 108 (2000) 1–6
(fα(xn)) ∈ c0(τ ) and hence is eventually contained in each Um. Therefore (f−1α (Un)) is a
τα-topological string since Eα(τα) is sequentially maximal. Thus (Un) is a τ -topological
string, that is τ = τ s and E(τ) is sequentially maximal. 2
Corollary 1. The topological direct sum of sequentially maximal spaces is sequentially
maximal.
Corollary 2. The topological product of finitely many sequentially maximal spaces is
sequentially maximal.
Corollary 3. Each separated quotient of a sequentially maximal space is sequentially
maximal.
Corollary 4. Let F be a subspace with topological complement in a sequentially maximal
space E. Then F is sequentially maximal.
Proving that Corollary 2 is valid for arbitrarily many sequentially maximal spaces
requires some preparation.
Lemma 3.1. Let E(τ) be the topological product of the spaces {Eα(τα), α ∈ I }, Cd(I)>
ℵ0. If U is a sequential neighborhood of 0 in E(τ), then there is some finite subset J ⊆ I
such that U ⊇⊕{Eα , α ∈ I \ J }.
Proof. Suppose that the assertion is false, then for each finite subset J ⊂ I there is
some xJ ∈⊕{Eα , α ∈ I \ J }, xJ /∈ U . In particular, for J = ∅, there must be some
x1 = (x1α)α ∈
⊕{Eα , α ∈ I }, x1 /∈ U . Write J1 = {α ∈ I , x1α 6= 0}, then there must be some
x2 = (x2α)α ∈
⊕{Eα , α ∈ I \ J1}, x2 /∈ U . Now write J2 = J1 ∪ {α ∈ I, x2α 6= 0}. Going on
in this way we may obtain a sequence (xn)n ∈E and a (increasing) sequence (Jn)n of finite
subsets of I such that xn /∈U and xn ∈⊕{Eα, α ∈ I \Jn−1}. The sequence (xn)n ∈ c0(τ )
for if O = (Oα)α is an open neighborhood of 0 in E(τ) and G= {α ∈ I , Oα 6= Eα}, then
eitherG∩Jn = ∅ for all n, and clearly then xn ∈O for all n, or there exists p =max{n ∈N,
G∩Jn 6= ∅}> 1 and then xn ∈O for all n > p. Since U is a sequential neighborhood of 0,
there must be some n0 ∈N such that xn ∈ U for each n> n0, a contradiction. 2
Proposition 3.1. Let f be a linear mapping between the spaces E(τ) and F(τ ′). Then the
following assertions are equivalent:
(i) f is sequentially continuous.
(ii) f :E(τ s)→ F(τ ′s ) is continuous.
Proof. (i) ⇒ (ii) Obviously the linear mapping f :E(τ s) → F(τ ′) is sequentially
continuous. Here, on one hand, the domain space E(τ s) is sequentially maximal, thus
Theorem 2.2 gives that f :E(τ s)→ F(τ ′) is continuous and, on the other, since (τ ′)s has
the same null sequences as τ ′, the linear mapping f :E(τ s)→ F((τ ′)s) is sequentially
continuous. Therefore f :E(τ s)→ F((τ ′)s) is continuous.
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(ii)⇒ (i) Clearly f :E(τ s)→ F(τ ′) is sequentially continuous, and (i) follows since τ s
has the same null sequences as τ . 2
Proposition 3.2. Let E(τ) be the topological product of {Eα(τα), α ∈ I }. Then E(τ s) =∏
α∈I Eα(τ sα).
Proof. Let τ0 be the product topology on E of the {Eα(τ sα), α ∈ I }. Since each projection
pα :E(τ) → Eα(τα) is continuous, each pα :E(τ s) → Eα(τ sα) is continuous by the
previous proposition. Hence τ0 ⊆ τ s and we only need show that the converse also holds.
Consider (Un)n is a τ s -topological string in E. By Lemma 3.1 for each n ∈N there is some
finite subset Jn ⊆ I such that Un+2 ⊇⊕{Eα , α ∈ I \ Jn}. Now if x ∈∏{Eα , α ∈ I \ Jn},
there must exist a sequence (ym)m ∈⊕{Eα , α ∈ I \ Jn} which converges to x in E(τ).
Therefore (x − ym)m ∈ c0(τ ) and there is some p ∈ N such that x − ym ∈ Un+2 for all
m> p. Thus x = (x−yp)+yp ∈Un+2+Un+2 ⊆Un+1. HenceUn+1 ⊇∏{Eα , α ∈ I \Jn}.
On the other hand, Un+1 ∩∏{Eα , α ∈ Jn} is a sequential neighborhood of 0 in∏{Eα(τα),
α ∈ Jn}, and therefore is a neighborhood of 0 in ∏{Eα(τ sα), α ∈ Jn}. Thus Un+1 ∩∏{Eα , α ∈ Jn}+∏{Eα , α ∈ I \Jn} is a neighborhood of 0 in E(τ0). Finally, fromUn+1∩∏{Eα , α ∈ Jn} + ∏{Eα , α ∈ I \ Jn} ⊆ Un+1 + Un+1 ⊆ Un, it follows that Un is a
neighborhood of 0 in E(τ0). 2
Theorem 3.2. Let E(τ) be the topological product of {Eα(τα), α ∈ I }. If each Eα(τα) is
sequentially maximal, then E(τ) is sequentially maximal.
4. Applications
Let us recall that a sequence (xn) of the space E(τ) is said to be locally null if there is
a sequence (ρn) of positive integers diverging to +∞ such that (ρnxn) ∈ c0(τ ) and that a
linear mapping between two spaces E(τ) and F(τ ′) is said to be locally continuous if it
maps τ -locally null sequences into τ ′-locally null sequences. The following result may be
found in [8, 1.6.7], cf. [7, 28.3] for the locally convex case.
Lemma 4.1. Let f be a linear mapping between the spacesE(τ) and F(τ ′). The following
assertions are equivalent:
(i) f is locally bounded.
(ii) f is locally continuous.
(iii) f maps each τ -locally null sequence into a τ ′-bounded subset.
Proposition 4.1. If E(τ) is an L-bornological space, then τ is sequentially maximal.
Proof. Let f be a sequentially continuous linear mapping from E(τ) into a space F(τ ′).
By Theorem 2.2 we only have to show that f is continuous or, equivalently since E(τ) is
L-bornological, that f is locally bounded. This is true because of Lemma 4.1 and the fact
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that f maps each τ -locally null sequence into an element of c0(τ ′) and, thus, a τ ′-bounded
subset. 2
The following proof follows the argument used in [9, Proposition 1]. For the sake of
completeness we include it here.
Proposition 4.2. A space E(τ) is L-bornological if and only if each string in E such that
each of its knots absorbs every locally null sequence is topological.
Proof. Let us recall that E is L-bornological if and only if each bornivorous string of E is
topological [2]. In one direction the proposition is clear since every locally null sequence is
a bounded subset. The reverse follows from the fact that any string (Un) such that each of
its knots absorbs every locally null sequence is bornivorous: in fact, if there were a bounded
subset B which is not absorbed by some knot Uk , then there would be a sequence (xn) in B
such that xn/n2 /∈ Uk , yielding the locally null sequence (xn/n) that is not absorbed by Uk ,
a contradiction. 2
Remark 4.1. From the above it follows that given a space E(τ), the L-bornological
associated topology τβ is the finest linear topology on E with the same locally null
sequences as τ . And that if every τ -null sequence is τ -locally null, then τ s = τβ and
E(τ) is sequentially maximal if and only if E(τ) is L-bornological.
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